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1. INTRODUCTION
Our main results are that the center of the principal block ZkGe¯ of the
Suzuki group G = Szq, where k is a eld of characteristic 2, is isomorphic
to the center of the Brauer corresponding block ZkH, where H is the
normalizer in G of a Sylow 2-subgroup, but over a discrete valuation ring
R of characteristic 0 whose residue eld has characteristic 2, the center of
the principal block ZRGe is not R-isomorphic to the center ZRH of
the Brauer corresponding block. These are the rst examples known to the
author of pairs of blocks whose centers are isomorphic over k but not over
R. Here G = Szq denotes the Suzuki group of order q2q − 1q2 + 1
where q is an odd power of 2, q ≥ 8, as dened in [Suz]. (There is only one
block of kH.) We do not need to assume that R is complete or is large.
The motivation for studying this problem comes, in part, from conjec-
tures of M. Broue [Br2]. Broue conjectured that there is a perfect isome-
try between Brauer corresponding blocks if the defect group is abelian; this
would imply that the centers of the blocks are isomorphic over a sufciently
large complete discrete valuation ring R, and it would also imply that the
bilinear forms dened by the Cartan matrices of the corresponding blocks
are equivalent over Z. Originally Broue [Br1] also made this conjecture, for
principal blocks, in the case that the Sylow normalizer controls p-fusion,
for example, in the case of the principal 2-blocks of the Suzuki groups. This
turned out not to hold for Sz8, as in this case the bilinear forms dened
1 This research was supported in part by a grant from NSERC of Canada.
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by the Cartan matrices of the corresponding blocks are not equivalent over
the integers [Br2]. I wrote some computer programs in the mid-1980’s to
compute certain invariants of the centers of blocks; these invariants came
from my joint work with W. Plesken and A. Weiss [CPW]. Following a sug-
gestion of Broue, I used these programs to show that ZRGe and ZRH
are not isomorphic, where G = Sz8. The present paper, which does not
involve the use of computers, is meant to give some explanation, as well
as to extend this result from q = 8 to any odd power of 2 ≥ 8. It also
shows that there is no perfect isometry between the principal blocks for
G = Szq and its Sylow 2-normalizer, for q equal to any odd power of
2 ≥ 8.
The isomorphism ZkGe¯ ∼= ZkH follows from the facts that ZkGe¯
and ZkH have the same dimension over k, and, as we shall prove in
Propositions 2.1 and 3.1 below, they both have radical squared equal to
0. The non-isomorphism over R can be explained as follows. Let η be a
generator of the maximal ideal of R. (We use the more usual pi to denote
certain elements of G, following Suzuki.) Suppose that 2R = ηaR. Let 30
denote ZRGe. Then Proposition 3.1 implies that rad302 ⊆ η rad30,
so 1/η rad30 (which is contained in ZKGe where K is the eld
of fractions of R) is closed under addition and multiplication and is a
ring. Let 31 denote 1/η rad30. Suppose that q = 2t . If i is an integer
such that i < at + 1/2 and if 3i has been dened, then from Proposi-
tion 3.1, rad3i2 ⊆ η rad3i, and we let 3i+1 = 1/η rad3i ⊆ ZKGe.
We can form the same construction starting with 30H = ZRH, and
we dene 3iH in the same way as for 3i. We shall show that for
i = at − 1/2, then rad3i2 is not contained in η rad3i, whereas
rad3iH2 ⊆ η rad3iH. An R-isomorphism from 30 to 30H could
be extended to an R-isomorphism from 3i to 3iH, and we would have a
contradiction.
After submitting a version of this paper for publication, the author re-
ceived a preprint from Geoffrey Robinson [Rob] containing a more straight-
forward proof that there is no perfect isometry between the principal block
of the Suzuki group Sz(q) and its Brauer corresponding block, without con-
sidering the centers of the blocks.
2. THE SYLOW NORMALIZER
From [Suz], Sections 13 and 4, a Sylow 2-subgroup Q of G has order
q2, and its normalizer H = NGQ is the semi-direct product QA where
A is a cyclic subgroup A of order q − 1; H is a Frobenius group of order
q2q− 1. The center C of Q, which is also the commutator subgroup of Q,
has order q; C and Q/C are each isomorphic to the additive subgroup of
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the eld GFq and A acts regularly on the sets of non-identity elements
of both C and Q/C.
For an element τ of H, let Cτ denote the conjugacy class containing
τ. The classes of H are given as follows. There is a unique conjugacy class
of involutions, consisting of the non-identity elements of C; for σ in this
class, CHσ = q2. There are two classes of elements of order 4, Cρ
and Cρ−1, where ρ is an element of Q not in C; CHρ±1 = 2q. There
are q − 2 classes of elements of odd order, namely Cpi, pi ∈ A, pi 6= 1;
CHpi = A, and CHpi = q − 1. We shall let pi denote a typical non-
identity element of A. Let
A∗ = pi ∈ A x pi 6= 1:
For τ ∈ H, let Cˆτ denote the class sum of the class Cτ in RH.
Let B = 1+ Cˆσ; Cˆρ; Cˆρ−1 ∪ Cˆpi x pi ∈ A∗ ⊂ ZRH. Then
B ∪ 1 is an R-basis of ZRH.
Proposition 2.1. If b and b′ are in B, write
bb′ = nb; b′; 11+ X
b′′∈B
nb; b′; b′′b′′:
Then nb; b′; 1 is an integer divisible by q2/4, and for each b′′ ∈ B,
nb; b′; b′′ is an integer divisible by q/2.
Proof. For elements τ, τ′ of H, write CˆτCˆτ′ = P aτ; τ′; τ′′Cˆτ′′
where the sum is over class representatives τ′′.
We start by calculating
(
1 + Cˆσb′, as b′ varies in B. We have 1 +
Cˆσ =Pγ∈C γ, and therefore(
1+ Cˆσ2 = q(1+ Cˆσ:
Thus n1+ Cˆσ; 1+ Cˆσ; 1 = 0, n1+ Cˆσ; 1+ Cˆσ; 1+ Cˆσ = q,
and n1 + Cˆσ; 1 + Cˆσ; b′′ = 0 for b′′ ∈ B, b′′ 6= 1 + Cˆσ. We have
Cˆσ2 = q − 1 · 1 + q − 2Cˆσ, and for use in the next section, we
record that
aσ;σ; σ ≡ −2 mod q; aσ;σ; ρ±1 = 0: (2.1)
Let CˆQρ denote the class sum of the class of ρ in Q. Fix α ∈ A; for
µ ∈ Q, then ραµ = ραγµ for some γµ ∈ C, since the derived group of
Q is C. Since C is central in Q, for µ; ν ∈ Q, ραµν = ραγµγν. So the
set of γµ, as µ varies in Q, forms a subgroup of C which we denote
by Cα. Since A acts regularly on the nontrivial elements of Q/C, then
CQρ = CHρ which has order 2q, so the size of the class CˆQρα is
q2/2q = q/2; since C = q, then C x Cα = 2. In particular, if α = 1,
we see that half the elements γ ∈ C satisfy γCˆQρ = CˆQρ, whereas
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1 + CˆσCˆρ = q/2Cˆρ + q/2Cˆρ−1. Hence n1 +
Cˆσ; ρ; 1 = 0; n1+ Cˆσ; ρ; ρ = n1+ Cˆσ; ρ; ρ−1 = q/2, and n1+
Cˆσ; ρ; b′′ = 0 for b′′ ∈ B; b′′ 6= Cρ±1.
aσ; ρ; ρ ≡ −1 mod q
2
y aσ; ρ; ρ−1 = q
2
y aσ; ρ; σ = 0: (2.2)
The integer aτ; τ′; τ′′ is the number of pairs γ; γ′ such that γ ∈ Cτ,
γ′ ∈ Cτ′, and γγ′ = τ′′. Also Cτ′′aτ; τ′; τ′′ is the number of triples
γ; γ′; γ′′ such that γ ∈ Cτ, γ′ ∈ Cτ′, and γ′′ ∈ Cτ′′ with γγ′ =
γ′′. Since γγ′ = γ′′ if and only if γ′ = γ−1γ′′, then Cτ′′aτ; τ′; τ′′ =
Cτ′aτ−1; τ′′; τ′, so
CHτ′aτ; τ′; τ′′ = CHτ′′aτ−1; τ′′; τ′: (2.3)
In this last formula, take τ=ρ, τ′ =σ , and τ′′ =ρ−1. Then q2aρ; σ; ρ−1=
2qaρ−1; ρ−1; σ, and since aρ; σ; ρ−1 = q/2 from (2.2) we get
aρ−1; ρ−1; σ = q
2
4
= aρ; ρ; σ: (2.4)
In (2.3), let τ = ρ, τ′ = σ , and τ′′ = ρ, giving q2aρ; σ; ρ = 2qaρ−1; ρ; σ,
so
qaρ; σ; ρ = 2aρ−1; ρ; σ (2.5)
aρ−1; ρ; σ ≡ 0 ≡ aρ; ρ−1; σmod q/2: (2.6)
We now compute aρ; ρ; ρ. We want to count the number of pairs
ραµ; ρβν such that µ; ν ∈ Q;α;β ∈ A; ραµρβν = ρ: (2.7)
Let ραµ = ραγ, where γ ∈ Cα, and ρβν = ρβδ, where δ ∈ Cβ. Then (2.7)
implies
ραγρβδ = ρ; (2.8)
and this in turn gives
ραρβC = ρC: (2.9)
We rst count solutions to (2.9). We cannot have α = 1 in (2.9) since
ρβC 6= C. Since A acts regularly on the nontrivial elements of Q/C, for
each nonidentity α ∈ A there is exactly one β ∈ A such that (2.9) holds, so
we have q − 2 choices for α;β in (2.9). For such a pair α;β pick any
γ ∈ Cα and solve (2.8) for δ, so δ = γρ−αρ−βρ = γ, where  = ρ−αρ−βρ
which is in C by (2.9). Since δ = γ, then γ ∈ Cα ∩ Cβ. We cannot have
α = β in (2.9), since ρ2α ∈ C but ρ /∈ C. Since α 6= β, then Cα 6= Cβ,
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since A acts regularly on the non-identity elements of C. We have 2 cases:
if  ∈ Cβ, then γ ∈ Cα ∩ Cβ; since Cα and Cβ are distinct subgroups of
index 2 in the elementary abelian group C, their intersection has index 4,
and there are q/4 elements in Cα ∩ Cβ. In the other case,  /∈ Cβ, and
C = Cβ ∪ Cβ, so Cα = Cα ∩ Cβ ∪ Cα ∩ Cβ, and since Cα = q/2 and
Cα ∩ Cβ = q/4, then again Cα ∩ Cβ has q/4 elements. Thus there are
q− 2q/4 choices for ραµ; ρβν in (2.7);
aρ; ρ; ρ = q− 2q
4




aρ; ρ; ρ−1 = aρ; ρ−1; ρ±1 ≡ 0 mod q
2
: (2.11)
Cˆρ2= aρ; ρ; σCˆσ + aρ; ρ; ρCˆρ + aρ; ρ; ρ−1Cˆρ−1




+ aρ; ρ; ρCˆρ + aρ; ρ; ρ−1Cˆρ−1:
Then nCˆρ; Cˆρ; 1 = −nCˆρ; Cˆρ; 1+ Cˆσ = −aρ; ρ; σ = q2/4
from (2.4), and nCˆρ; Cˆρ; Cˆρ±1 = aρ; ρ; ρ±1 ≡ 0 mod q/2 from
(2.10) and (2.11).
CˆρCˆρ−1= (Cρ − aρ; ρ−1; σ · 1+ aρ; ρ−1; σ(1+ Cˆσ
+ aρ; ρ−1; ρCˆρ + aρ; ρ−1; ρ−1Cˆρ−1:
We have
Cρ = qq− 1
2
≡ −q/2 mod q2/2:
From (2.5), aρ; ρ−1; σ = q/2aρ; σ; ρ, and from (2.2), aρ; σ; ρ ≡
−1 mod q/2, so
aρ; ρ−1; σ ≡ −q/2 mod q2/4: (2.12)
Then nCˆρ; Cˆρ−1; 1 = Cρ − aρ; ρ−1; σ ≡ 0 mod q2/4. Also,
aρ; ρ−1; σ ≡ aρ; ρ−1; ρ ≡ aρ; ρ−1; ρ−1 ≡ 0 mod q/2, so nCˆρ;
Cˆρ−1; b′′ ≡ 0 mod q/2 for b′′ ∈ B.
Since CHpi = A then Cˆpi = pi
P
γ∈Q γ = piQˆ. Then(
1+ CˆσCˆpi = CˆQˆ = qCˆpi;




If pi ′ ∈ A is not equal to pi−1, then
CˆpiCˆpi ′ = q2Cˆpipi ′:
CˆpiCˆpi−1 = Qˆ2 = q2Qˆ = q2(1+ Cˆσ+ q2Cˆρ + q2Cˆρ−1:
This completes the proof.
Let η be a generator of the maximal ideal of R. For b ∈ B, it follows
from Proposition 2.1 that b2 ∈ ηZRH, so B ⊆ radZRH, since the
elements of B are nilpotent modη. Further, radZRH has B ∪ η · 1
as an R-basis, ZRH/ radZRH is isomorphic to k, and hence RH has
only one block. (This last statement also follows from the facts that H has
a normal Sylow 2-subgroup and no normal subgroup of odd order.)
3. THE PRINCIPAL 2-BLOCK OF THE SUZUKI GROUPS
We rst describe the characters and conjugacy classes of G. As in the
Introduction, q is an odd power of 2, q ≥ 8. We set r = p2q. As in [Suz,
Sect. 17], there are irreducible characters of G called X; Xi; Yj; Zk; Wl, as
well as the trivial character. In the following table from [Suz, p. 141], the
columns contain the characters, their degrees, and the numbers of charac-
ters of each degree, respectively.
X q2 1
Xi q
2 + 1 q/2 − 1
Yj q− r + 1q− 1 q+ r/4
Zk q+ r + 1q− 1 q− r/4
Wl rq− 1/2 2
To present the character table, we recall some results and notation used
by Suzuki. There are cyclic subgroups A0;A1;A2 of G, of orders q− 1; q+
r + 1; q− r + 1, respectively. In the table below, pii denotes representatives
of the conjugacy classes of elements of non-identity elements of Ai; from
Proposition 16 of [Suz], CGpii = Ai, i = 0; 1; 2. The normalizer of A0
is a dihedral group of order 2q − 1. For i = 1 or 2, the normalizers of
Ai are Frobenius groups of orders 4q± r + 1; each pii is conjugate to its
inverse. The element σ is an involution, whose centralizer in G is a Sylow
2-subgroup Q of G; there is a unique conjugacy class of involutions. There
are two classes of elements of order 4; ρ is an element of order 4, and ρ−1
is not conjugate in G to ρ. The centralizer in G of ρ has order 2q. The
Sylow 2-subgroup Q of G is a trivial intersection set.
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Let ε0 be a primitive q − 1st root of unity. If ξ0 is a generator of A0
the character εi0 of A0 is dened by
εi0ξj0 = εij0 + ε−ij0
[Suz, Eq. (43), p. 141].
Let ε1 be a primitive q+ r + 1th root of unity, and let ε2 be a primitive
q − r + 1th root of unity. If ξj is a generator of Aj , j = 1 or 2, the
character εij of Ai is dened by
εijξkj  = εikj + εikqj + ε−ikj + ε−ikqj
[Suz, Eqs. (44) and (45), pp. 141, 142].
The character table, from [Suz, p. 143], is given as
1 σ ρ; ρ−1 pi0 pi1 pi2
X q2 0 0 1 −1 −1
Xi q
2 + 1 1 1 εi0pi0 0 0
Yj q− r + 1q− 1 r − 1 −1 0 −εj1pi1 0
Zk q+ r + 1q− 1 −r − 1 −1 0 0 −εk2 pi2
Wl rq− 1/2 −r/2 ±
√−1/2 0 1 −1
The class sizes are
σ ρ; ρ−1 pi0 pi1 pi2
q2 + 1q− 1 qq
2 + 1q− 1
2
q2q2 + 1 q2q− 1q− r + 1 q2q− 1q+ r + 1
The character X belongs to a block of defect 0. Let e
X
denote its primitive
central idempotent, and let e = 1 − e
X
. For a group element g, let Cg



















where for i = 0; 1; 2, Ppii Cˆpii is the sum over the distinct classes of type











e = 0 in ZRGe:













Let S be a set of representatives of the conjugacy classes of G. Let
B= Cˆge x g ∈ S ; g 6= 1; g /∈ Cσ; g /∈ Cpi∗0 }
∪(1+ Cˆσe} ⊂ ZRGe:
Then B ∪ e is an R-basis of ZRGe.
We rst consider some results about structure constants. Write
Cˆg Cˆg′ = X
g′′∈S
ag; g′; g′′Cˆg′′; g; g′ ∈ G:
Lemma 3.1. Suppose that τ ∈ σ; ρ±1, α ∈ G, and pi is a non-identity
element of Ai, i = 0; 1; 2. Then aα;pi; τ ≡ 0 mod q.
Proof. Let P denote the set
P = β; γ x β ∈ Cα; γ ∈ Cpi; βγ = τ:
Now CGτ acts on P . No non-identity element of CGτ xes any element
of Cpi, since CGpi ≤ Ai and CGτ ≤ Q. It follows that the size of P is
divisible by CGτ. The result follows.
Our next result says that some of the structure constants, mod q, are the
same as those found in the previous section. If g; g′ are in a subgroup S of
G, let CSg denote the class of all S-conjugates of g, let CˆSg be its class





where the sum is over representatives of the classes of S.
Lemma 3.2. Suppose that α;β; γ are non-identity elements of the Sylow
2-subgroup Q. Then aα;β; γ ≡ aHα;β; γ mod q, where H = NGQ.
Proof. Let
P = α′; β′ x α ∈ Cα; β′ ∈ Cβ; α′β′ = γ:
Then CGγ acts on P . For some α′; β′ ∈ P suppose that α′ /∈ Q. Write
α′ = αµ. Since CGα ≤ Q, CGαµ ≤ Qµ, and Q ∩Qµ = 1, it follows that
the size of a CGγ orbit containing an element α′; β′ where α′ /∈ Q is
divisible by CGγ and hence by q. The same result holds for orbits with
β′ /∈ Q. Since every element of Q is conjugate in H to one of 1; σ; ρ±1, it
follows that mod q, the size of P , is the same as that of
α′; β′ x α′ ∈ CHα; β′ ∈ CHβ; α′β′ = γ:
The result follows.
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Proposition 3.1. For elements b, b′ of B, write
bb′ = nb; b′; ee+ X
b′′∈B
nb; b′; b′′b′′:
Then nb; b′; e is an integer divisible by q/2, and nb; b; e is divisible by
q. For each b′′ ∈ B, nb; b′; b′′ is an integer divisible by r/2, nb; b; b′′ is
divisible by r, and there exist b; b′; b′′ in B for which nb; b′; b′′ is not divisible
by r.
Proof. Suppose that x ∈ ZRG,










Multiply by e and use Eq. (3.1) to substitute for Cˆpi∗0 e, giving
xe = a1 − aσ − q2api∗0 e+ aσ
(
1+ Cˆσe+ aρCˆρe+ aρ−1Cˆρ−1e
+ X
pi0 6=pi∗0
api0 − api∗0 Cˆpi0e+
X
pi1
api1 + api∗0 Cˆpi1e
+X
pi2
api2 + api∗0 Cˆpi2ε: (3.3)
Suppose that b and b′ are in B and have the form b = Cˆτe and b′ =
Cˆτ′e. Let x on the left of (3.2) be CˆτCˆτ′, so the coefcients aτ′′ on
the right in (3.2) are given by the structure constants aτ; τ′; τ′′. Then from
Eq. (3.3), we get
nb; b′; e= aτ; τ′; 1 − aτ; τ′; σ − q2a(τ; τ′; pi∗0 





1+ Cˆσe= aτ; τ′; σ;
n
(
b; b′; Cˆρ±1e= aτ; τ′; ρ±1;
n
(
b; b′; Cˆpi0e= aτ; τ′; pi0 − aτ; τ′; pi∗0 ;
n
(
b; b′; Cˆpiie= a
(
τ; τ′; pii + aτ; τ′; pi∗0 ; i = 1; 2:
(3.4)
Let b = (1 + Cˆσe, and suppose that b′; b′′ ∈ B, b′ = Cˆτ′e, b′′ =
Cˆτ′′e. Let x = (1+ CˆσCˆτ′ = CˆσCˆτ′ + Cˆτ′ in Eq. (3.2). Then
aτ′ = aσ; τ′; τ′ + 1, and for τ′′ 6= τ′, aτ′′ = aσ; τ′; τ′′. From Eq. (3.3),
n1+ Cˆσ; b′; b′′ (3.5)
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are as in the right of (3.4) where τ = σ , except that aτ; τ′; τ′ must be
increased by 1.
Let us start with b = b′ = (1 + Cˆσe. We have aσ;σ; 1 =
Cσ = q2 + 1q − 1 ≡ −1 mod q. From Lemma 3.2, aσ;σ; σ ≡
aHσ;σ; σmod q and from (2.1), aHσ;σ; σ ≡ −2 mod q. Again from
Lemma 3.2 and (2.1), aσ;σ; ρ±1 ≡ 0 mod q. We calculate aσ;σ;pii.
Since NGAi is divisible by 2 and since CGAi = Ai and Ai is cyclic,
there is an involution which acts on Ai by inversion; we assume that this
is σ . If σ ′; σ ′′ ∈ Cσ and σ ′σ ′′ = pii, then since σ ′ and σ ′′ are invo-
lutions, σ ′ and σ ′′ generate a dihedral group, and both invert pii. Then
σσ ′ ∈ CGpii = Ai, so σ ′ acts on Ai by inversion, and Ai; σ ′ is a di-
hedral group Di of order 2Ai. Similarly Ai; σ ′′ is a dihedral group,
and since σ ′σ ′′ ∈ CGAi = Ai, then this dihedral group is also Di. Since
Di has one class of involutions, then aσ;σ;pii = aDiσ;σ;pii. We have
CˆDiσ = σAˆi, CˆDiσ2 = AiAˆi, and aDiσ;σ;pii = Ai.
The following table summarizes the values we have found for aσ;σ; τ;
the rst three entries are modulo q.
τ 1 σ ρ±1 pi0 pi1 pi2
aσ;σ; τ −1 −2 0 q− 1 q+ r + 1 q− r + 1
For b = 1 + Cˆσ we shall calculate n(b; b; b′′. In Eq. (3.2), let x =(
1 + Cˆσ2 = 1 + 2Cˆσ + Cˆσ2. Then in the right-hand side of (3.2),
a1 = 1 + aσ;σ; 1 ≡ 0 mod q, aσ = 2 + aσ;σ; σ ≡ 0 mod q, and aτ =
aσ;σ; τ, τ /∈ Cσ, τ 6= 1. From (3.3), we get
nb; b; e≡ a1 − aσ ≡ 0 mod q
nb; b; b= aσ = 2 + aσ;σ; σ ≡ 2 − 2 ≡ 0 mod q
nb; b; Cˆρ±1e= aρ±1 = aσ;σ; ρ±1 ≡ 0 mod q
nb; b; Cˆpi0e= aσ;σ;pi0 − aσ;σ;pi∗0  = 0
nb; b; Cˆpiie= aσ;σ;pii + aσ;σ;pi∗0 
= q± r + 1 + q− 1 = 2q± r:
We next let b = 1+ Cˆσe, b′ = Cˆρe, and we calculate nb; b′; b′′.
We have aσ; ρ; 1 = 0. From Lemma 3.2 and (2.2), aσ; ρ; σ ≡ 0 mod q,
aσ; ρ; ρ ≡ −1 mod q/2, and aσ; ρ; ρ−1 ≡ 0 mod q/2. We compute
aσ; ρ;pi0 using the formula









χσχρχpi−10 /χ1, the only non-zero terms come from
χ=Xi; in this case, Xiσ = Xiρ, so the sum
P
χσχρχpi−10 /χ1 =
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χσχσχpi−10 /χ1, and it follows that aσ; ρ;pi0 is the same as
aσ;σ;pi0 except that the class size Cσ in formula (3.6) for aσ;σ;pi0
has to be replaced by Cρ. Hence aσ; ρ;pi0 = qq − 1/2. Using for-
mula (3.6) for aσ; ρ;pi1, we have CσCρ/G = q− 1q2 + 1/2q
and
P







1pi1 is the sum of all non-trivial q + r + 1 roots of unity, it is
−1, so X
χσχρχpi−11 /χ1 = 1−
r − 1




(q− 1q2 + 1 − q+ r + 1r − 1 = 1
2
q2 − q− r:
Similarly aσ; ρ;pi2 = q2 − q + r/2. To summarize, we have the follow-
ing, where the rst two entries are mod q and the rest are mod q/2.
τ 1 σ ρ ρ−1 pi0 pi1 pi2
aσ; ρ; τ 0 0 −1 0 0 −r/2 r/2
From (3.5), using b = 1+ Cˆσ, b′ = Cˆρ, we have
nb; Cˆρe; e≡ aσ; ρ; 1 − aσ; ρ; σ ≡ 0 mod q
nb; Cˆρe; 1+ Cˆσe= aσ; ρ; σ ≡ 0 mod q/2
nb; Cˆρe; Cˆρe= aσ; ρ; ρ + 1 ≡ 0 mod q/2
nb; Cˆρe; Cˆρ−1e= aσ; ρ; ρ−1 ≡ 0 mod q/2
nb; Cˆρe; Cˆpi0e= aσ; ρ;pi0 − a
(
σ; ρ;pi∗0  ≡ 0 mod q/2
nb; Cˆρe; Cˆpiie= a
(
σ; ρ;pii + aσ; ρ;pi∗0 
≡∓r/2 mod q/2; i = 1; 2:
Note that n1+ Cˆσe; Cˆρe; Cˆpiie is divisible by r/2 but not by r, for
i = 1; 2. The calculations for b = 1+ Cˆσe; b′ = Cˆρ−1e are similar.
Continuing with b = (1+ Cˆσe, let b′ = Cˆpi0e. We have aσ;pii; 1 =
0. From Lemma 3.1, aσ;pii; τ ≡ 0 mod q for τ ∈ σ; ρ±1. We now com-








= q2 + 1:
In the sum
P
χσχpi0χpi ′0/χ1, the only non-zero terms come from
the trivial character and χ = Xi, and Xiσ = 1; thus










i Xipi0Xipi ′0 is the sum
P
χpi0χpi ′0 over all χ ∈ IrrG except





χpi0χpi ′0 −Xpi0Xpi ′0 − 1
= X
χ∈IrrG
χpi0χpi ′0 − 2:
If pi0 and pi
′
0 are in different classes, then
P
χ∈IrrG χpi0χpi ′0 = 0, soP
i Xipi0Xipi ′0 = −2, and
aσ;pi0; pi ′0 = q2 + 1 − 2 = q2 − 1:
If pi0 = pi ′0, then
P
χ∈IrrG χpi0χpi ′0 = CGpi0 = q− 1, and then
aσ;pi0; pi0 = q2 + 1+ q− 1 − 2 = q2 + q− 2:
For i = 1; 2, χσχpi0χpii = 0 for all χ except the trivial character, so
aσ;pi0; pii = q2+ 1. So we have the following values for aσ;pi0; τmod q,
where pi ′0 denotes a non-identity element of A0 not conjugate to pi0.
τ 1 σ ρ±1 pi0 pi
′
0 pi1 pi2
aσ;pi0; τ 0 0 0 −2 −1 1 1
From (3.5), with b = 1+ Cˆσ, b′ = Cˆpi0, pi0 6= pi∗0 we have
nb; Cˆpi0e; e ≡ 0 mod q; nb; Cˆpi0e; b′′ ≡ 0 mod q;
for all b′′ ∈ B.
Continuing with b = (1+ Cˆσe, let b′ = Cˆpi1e. Similar to the case that
b′ = Cˆpi0e above, we have, where pi ′1 denotes an element 6= 1 of A1 not
conjugate in G to pi1.
τ 1 σ ρ±1 pi0 pi1 pi
′
1 pi2
aσ;pi1; τ 0 0 mod q 0 mod q −1 mod r 0 mod r 1 mod r 1 mod r
As before, we see that Proposition 3.1 holds in this case.
Let b= Cˆρe. Take b′ = Cˆρ±1e. We have aρ; ρ; 1= 0; aρ; ρ−1; 1 =
Cρ ≡ q/2 mod q. From Lemma 3.2 and Section 2,
aρ; ρ; σ ≡ 0 mod q; aρ; ρ−1; σ ≡ aρ; ρ±1; ρ±1 ≡ 0 mod q/2:
We compute aρ; ρ±1; pii using (3.6) as above. We have
τ 1 σ ρ±1 pi0 pi1 pi2
aρ; ρ; τ 0 0 mod q 0 mod q/2 0 mod q/2 0 mod q/2 0 mod q/2
aρ; ρ−1; τ q/2 mod q 0 mod q/2 0 mod q/2 0 mod q/2 r/2 mod r r/2 mod r
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Thus from (3.4), Proposition 3.1 holds here. Note that nCˆρe; Cˆρ−1e;
Cˆpiie is not divisible by r, i = 1 or 2.
Continuing with b = Cˆρe, let b′ = Cˆpiie where i is 0, 1, or 2. As
above, we nd that nb; b′; b′′ ≡ 0 mod q/2 for all b′′ ∈ B. (This is similar
to the case that b = Cˆσe, b′ = Cˆpiie.) The case that b = Cˆρ−1e is
similar to b = Cˆρe.
Let b = Cˆpie and b′ = Cˆpi ′e, where pi and pi ′ are non-identity ele-
ments of odd order in G. Then api;pi ′; 1 is 0 or Cpi, which is divisible
by q2. From Lemma 3.1, api;pi ′; τ ≡ 0 mod q if τ ∈ σ; ρ±1. Then from
(3.3), nCˆpie; Cˆpi ′e; b′′ ≡ 0 mod q if b′ is 1 or Cˆτe, τ ∈ σ; ρ±1.
For the rest of the calculations, we use the following lemma.
Lemma 3.3. Let pi, pi ′, and pi ′′ be non-identity elements of odd order in
G. Then n
(
Cˆpi; Cˆpi ′; Cˆpi ′′ is an integer divisible by 4q2/r.









where m1 and m2 are odd integers. Regard pi and pi ′ as xed, letting pi ′′
vary. In the sum
P
χ∈IrrG χpiχpi ′χpi ′′−1/χ1, let ζpi ′′/m3pi ′′ be
the contribution from χ = Xi;Yj;Zk (which is 0 unless pi;pi ′; pi ′′ are all in
the same Ai), where m3pi ′′ is the degree of Xi;Yj , or Zk and hence is
odd, and let κpi ′′/4q− 1/2 be the contribution from χ = Wl. Then















All numerators and denominators except possibly ζpi ′′ are in Z and
api;pi ′; pi ′′ is an integer, so ζpi ′′ is in Q and hence in Z since it is an
algebraic integer. (One can also see that ζpi ′′ ∈ Z from Galois theory.)
From (3.4), n
(
Cˆpi; Cˆpi ′; Cˆpi ′′ = api;pi ′; pi ′′ ± api;pi ′; pi∗0 ; the sign
is negative if pi ′′ ∈ A0 and positive if pi ′′ ∈ A1 or A2. Since Xpi0 = 1 and
Xpi1 = Xpi2 = −1, then
n

Cˆpi; Cˆpi ′; Cˆpi ′′











κpi ′′ − κpi∗0 

+ XpiXpi





Now 1 − Xpi ′′ ∈ Z, ζpi ′′ − Xpi ′′ζ1pi∗0 /m3pi ′′ is a rational
number with odd denominator, and 4/rq − 1(κpi ′′ − κpi∗0  is
a rational number whose denominator has 2-part at most r/4. Since
Xpi∗0  = 1, then XpiXpi ′Xpi ′′ −Xpi ′′XpiXpi ′Xpi∗0  = 0. Thus
n
(
Cˆpi; Cˆpi ′; Cˆpi ′′ is a quotient of an integer whose 2-part is q2
divided by an integer whose 2-part is at most r/4. The result follows.
The proof of Proposition 3.1 is complete.
For b ∈ B, it follows from Proposition 3.1 that b2 ∈ ηZRGe, so
the elements of B are nilpotent modη; thus B ⊆ radZRGe. Further,
radZRGe has B ∪ η · e as an R-basis. Then ZRGe/ radZRGe
is isomorphic to k; hence RGe is a block, the principal block. (This last
statement could also be proved using the character table of G.)
4. ISOMORPHISM OVER k AND NON-ISOMORPHISM OVER R
Suppose that R is a discrete valuation ring of characteristic 0, with max-
imal ideal Rη and with eld of fractions K. Let 3 be a commutative ring
which is a free R module of nite rank. Suppose that B is a subset of rad3
of size 1 less than the rank of 3, such that rad3 has R-basis B ∪ η · 1.
For b; b′ ∈ B, write
bb′ = nb; b′; 11+ X
b′′∈B
nb; b′; b′′b′′:
Denition. For a non-negative integer m, we will say that B satises
property Pm if for all b; b′; b′′ ∈ B we have
nb; b′; 1 ∈Rη2m; nb; b; 1 ∈ Rη2m+1;
nb; b′; b′′ ∈Rηm; nb; b; b′′ ∈ Rηm+1:
Note that if B satises Pm where m > 0, then for b; b′ ∈ B, we have
bb′ ∈ Rη2 · 1+ X
b′∈B
Rηb ⊆ η rad3:
Hence rad32 ⊆ η rad3. Then let
31 = 1/η3;
which is contained in K3, and we see that 31 is closed under addition and
multiplication; hence it is a ring. The set 1/ηB = 1/ηb x b ∈ B is a
subset of 31. Assuming this notation, we have the following result.
Proposition 4.1. Suppose that B satises Pm where m > 0. Then
1/ηB is contained in rad31 and rad31 has R-basis 1/ηB ∪ η · 1.
Moreover 1/ηB satises Pm− 1.
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Proof. For b ∈ B, since Pm holds, then














Hence modulo η31, 1/ηb is a nilpotent element of 31/η31, and so
1/ηb ∈ rad31. Since rad3 has R-basis B ∪ η · 1, then rad31 has R-


























It follows that 1/ηB satises Pm− 1.
Here is our main result.
Theorem 4.1. For the Suzuki group G and its Sylow 2-normalizer H, the
centers of the principal blocks ZkGe¯ and ZkH are isomorphic, but the
centers over R, ZRGe, and ZRH are not R-isomorphic.
Proof. We rst compute the k-dimensions of ZkGe¯ and ZkH.
There are q/2 − 1 characters of type Xi, q + r/4 of type Yj , q − r/4
of type Zk, 2 of type Wl, the character X, and the trivial character, for a
total of q+ 4 irreducible characters of G. All of these except X are in the
principal block, so the center of the principal block ZkGe has dimension
q+ 3 over k. For the Sylow 2-normalizer H, there are q− 1 classes of type
pi0, the 2 classes Cρ±1, the class Cσ, and the trivial element, so the
dimension of ZkH is also q+ 3.
From Propositions 2.1 and 3.1, the radicals squared of both ZkGe¯ and
ZkH are 0. So an isomorphism between ZkGe¯ and ZkH is given by
sending a basis of the radical of ZkGe¯ to a basis of the radical of ZkH.
(Note that there are many isomorphisms.)
Suppose that 2R = Rηa and that q = 2t where t is odd. Then r =
2q1/2 = 2 · 2t1/2 = 2t+1/2. We shall show that the set B of Section 3
satises Pm where m = at − 1/2. For b; b′; b′′ ∈ B, from Proposi-
tion 3.1, nb; b′; b′′ ∈ Zr/2 = Z2t−1/2 ⊆ Rηat−1/2 = Rηm. Similarly,
since nb; b; b′′ is divisible by r, then nb; b; b′′ ∈ Rηm+1. Since nb; b′; e
is divisible by q/2 = 2t−1, then nb; b′; e ∈ Rηat−1 and because the in-
teger m = at − 1/2, then nb; b′; e ∈ Rη2m. Similarly, since nb; b; e is
divisible by q, then nb; b′; e ∈ Rη2m+1. So B satises Pm. Starting with
30 = ZRGe, let 31 = 1/η rad30. Then 1/ηB satises Pm − 1. If
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i ≤ m and 3i−1 has been dened, let 3i = 1/η rad3i−1. So 1/ηiB sat-
ises Pm− i. This continues until i = m; 1/ηmB satises P0. Propo-
sition 4.1 applied to 3m−1 tells us that 1/ηmB ⊆ rad3m and 1/ηmB ∪



























The coefcient of 1/ηmb′′ is nb; b′; b′′/ηm. From Proposition 3.1, there
exist b; b′; b′′ ∈ B for which nb; b′; b′′ is divisible by r/2 but not by r so



















which is a unit of R. Since 1/ηmB ∪ η · 1 is an R-basis of rad3m, it
follows that rad3m2 is not contained in η rad3m.
Now let 3H = ZRH, and let BH be the set B dened in Section 2.
From Proposition 2.1, BH also satises Pm where m = at − 1/2, and
we dene 3iH as in the previous paragraph, starting with 30 = ZRH.
Since nb; b′; b′′ of Section 2 are divisible by q/2 for all b; b′; b′′ ∈ BH, it
follows from Eq. (4.1) that
(
rad3mRH
2 is contained in η rad3mRH.
An R-isomorphism between 3 = ZRGe and 3H = ZRH could be
extended to an R-isomorphism between 31 = 1/η rad3 and 31H =
1/η rad3H, and then, recursively, to an R-isomorphism between 3i
and 3iH, for 1 ≤ i ≤ at − 1/2. But for i = at − 1/2, rad3i2 is not
contained in η rad3i, whereas rad3iH2 is contained in η rad3iH.
Therefore 3 = ZRGe and 3H = ZRH are not isomorphic over R.
The proof is complete.
The construction of the series 3i was inspired by a similar construction
in [CPW]; we shall denote the [CPW] series by 3′i to distinguish it from
the series dened in the proof of Theorem 4.1. In [CPW], starting with an
R-order 3, 3′0 dened as 3, and recursively 3
′
i+1 is dened as
3′i+1 = x ∈ K3i x x rad3′i ⊆ rad3′i:
Since η · 1 ∈ rad3′i, then η3′i+1 ⊆ rad3′i, so 3′i+1 ⊆ 1/η rad3′i. For
3 = ZRGe of Theorem 4.1, if i < m, since rad3i2 ⊆ η rad3i, then
90 2-blocks of suzuki(1/η rad3i rad3i ⊆ rad3i. It follows that for i ≤ m, the 3i in the proof
of Theorem 4.1 is the same as 3′i of [CPW].
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